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ABSTRACT

A nilpotent group is defined whose local zeta functions counting sub-
groups and normal subgroups depend on counting points modp on the
elliptic curve y? = 2% — z. This example answers negatively a question
raised in the paper of F. J. Grunewald, D. Segal and G. C. Smith where
these local zeta functions were first defined. They speculated that local
zeta functions of nilpotent groups might be finitely uniform as p varies.
A proof is given that counting points on the elliptic curve y? = 23 —z are
not finitely uniform, and hence the same is true for the zeta function of
the associated nilpotent group. This example demonstrates that nilpo-
tent groups have a rich arithmetic beyond the connection with quadratic
forms.

1. Introduction
Grunewald, Segal and Smith introduced the notion of the zeta function of a group
G in [8]:
o
< -5 —s
G)= Y IG:H[* =) a5(G)n
HLG n=1

where a5 (G) denotes the number of subgroups of index n in G. The definition of
this zeta function as a sum over subgroups makes it look like a non-commutative
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version of the Dedekind zeta function of a number field. They proved that for
finitely generated, torsion-free nilpotent groups the global zeta function can be
written as an Euler product of local factors which are rational functions in p™*:

Go=I1 G,6
p prime
= II zer™
p prime
where for each prime p, Cap(s) =¥ ,a5.(G)p~™* and Z3(X,Y) € Q(X,Y).
Similar definitions and results were also obtained for the zeta function ((s)
counting normal subgroups.
One of the major questions raised in the paper [8] is the variation with p of
these local factors pr (X,Y). Many of the examples showed a uniform behaviour
as the prime varied. For example, if G is the discrete Heisenberg group

1 Z Z
G=[0 1 Z
0 0 1
then for all primes p
1-p"%)

<
“Gr S T - )

However, if one takes the Heisenberg group with entries now from some
quadratic number field, then it was shown in [8] that the local factors Z(X,Y)
counting normal subgroups depend on how the prime p behaves in the quadratic
number field. The authors of [8] were lead by such examples and the analogy
with the Dedekind zeta function of a number field to ask whether the local fac-
tors always demonstrated a Cebotarev density type behaviour, depending on the
behaviour of primes in number fields. In particular they speculated in [8] that it
was ‘plausible’ that the following question has a positive answer:

QUESTION: Let G be a finitely generated nilpotent group and * € {<,4}. Do
there exist finitely many rational functions W1(X,Y),...,W,(X,Y) € Q(X,Y)
such that for each prime p there is an i for which

& p(s) = Wi(p,p~°)?

If the answer is ‘yes’ we say that the local zeta functions (g, ,(s) of G are finitely
uniform. If there is one rational function W(X,Y’) such that ¢ ,(s) = W(p,p~?)
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for almost all primes then we say that the local zeta functions C&p(s) of G are
uniform.

Grunewald, Segal and Smith elevated this question to a conjecture in the case
that G is a free nilpotent group. In [8] they confirmed the conjecture in the case
that G is a free nilpotent group of class 2. In recent work with Grunewald [6],
we have also confirmed the conjecture for the case that G is a two generator free
nilpotent group of arbitrary class.

The question of the behaviour of these local factors has gained extra signif-
icance in the light of recent work of mine on counting the number f(p,n) of
non-isomorphic finite p-groups that exist of order p™. Higman’s PORC conjec-
ture [10] asserts that for fixed n, the number f(p,n) is given by a polynomial in
p whose coeflicients depend on the residue class of p modulo some fixed integer
N, (Polynomial On Residue Classes). In [1] and [2] it is explained how this
conjecture is directly related to whether certain local zeta functions attached to
free nilpotent groups are finitely uniform.

The examples of Grunewald, Segal and Smith hinted that the behaviour of the
local factors as one varied the prime would be related to the behaviour of primes
in number fields. However, recent work [4] and [5] with Grunewald shows that
this first impression is misplaced. The behaviour is rather governed by a different
question, namely how the number of points mod p on a variety varies with p.

In [4] and [5], we show that for each finitely generated nilpotent group G there
exists an explicit system of subvarieties E; (i € T, T finite) of a variety ¥ defined
over Z and, for each subset I of T, a rational function Wr(X,Y) € Q(X,Y) such
that for almost all primes p

() =" cx@Wri(p,p™)
ICT
where
ci(p) = card{a € Y(IFp) : a € E;(IFp) if and only if ¢ € I'}.

So the analogy with the Dedekind zeta function of a number field is too sim-
plistic, rather it is the Weil zeta function of an algebraic variety over Z that
offers a better analogy. In contrast to the behaviour of primes in number fields,
the number of points mod p on a variety can vary wildly with the prime p and
certainly does not have a finitely uniform description.

Example 1.1 ([11], 18.4): Let E be the elliptic curve E = Y2 — X3 + X. Put

|E(F,)| = |{(z,y) € F} :y* =2 + 2 = 0}].
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If p = 3(mod 4) then |E(F,)| = p. However, if p = 1 (mod 4) then
|E(F,)| =p — 2a,

where p = a% + b? and a + ib = 1 (mod(2 + 24)).

(Note that |E(Fp)| is one less than the value N, given in [11], 18.4 since N,
counts the number of points on the projective version of E. This includes one
extra point at infinity not counted in the affine coordinates.)

However, despite this theoretical advance which moves the problem into the
behaviour of varieties mod p, it was not clear still whether exotic varieties like
elliptic curves could arise in the setting of zeta functions of groups. It might
be that the question of Grunewald, Segal and Smith would still have a positive
answer since the varieties that arise out of the analysis of myself and Grunewald
were always rational where the number of points mod p is uniform in p.

The purpose of this paper is to present an example of a nilpotent group G
whose zeta function depends on the behaviour mod p of the number of points on
the elliptic curve E = Y2 — X3+ X. The group G is a Hirsch length 9, class two
nilpotent group given by the following presentation:

G = <l’l,1‘2,1337374,1'5,«”6,1/1,3/2,93 : [.731,(1/'4] = yg,[$1,1?5] = yl,[:rl’xﬁ] = y2>
[$2,.Z'4] =Y, [1'2,.’175] =Ys3, [(L'g,.’l,'4] = Y2, [‘7;37:1"6] =N

where all other commutators are defined to be 1. To see where the elliptic curve
is hiding in this presentation, take the determinant of the 3 x 3 matrix (a;;) with
entries a;; = [z, Tj4+3]. The elliptic curve is encoded into the presentation in a
manner which offers hope that an arbitrary variety can be realised in a similar
fashion. We come back to this question in a future paper. However, we content
ourselves in this current paper with offering a proof of the following negative
answer to the question of Grunewald, Segal and Smith:

THEOREM 1.2: The local zeta functions (ém(s) and (G (s) are not finitely
uniform.
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the form of a University Research Fellowship. I should also like to thank the Max
Planck Institut in Bonn where this group flashed into my head one evening and
for invaluable conversations with Fritz Grunewald during my time at the MPL
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2. Counting points on elliptic curves

Here we establish the following reduction of Theorem 1.2. In the following two
sections we establish that our hypothesis in this Theorem is indeed true.

THEOREM 2.1: Let x € {<,«}. Suppose there exist N € N and two polynomials
Fi(X) and fo(X)with f2(X) # 0 such that for almost all primes p

apn (G) = fi(p) + | E(Fp)| f2(p)

where |E(F,)| = {(b,c) €F} :b—b%+c> =0}. Then (g (s) is not finitely
uniform.

Proof: Suppose that Cé’p(s) is finitely uniform. Then there are finitely many
rational functions W1(X,Y),..., W, (X,Y) € Q(X,Y") such that for every prime
number p thereis a j € {1,...,r} for which

(Gp(8) = Wilp,p™°).

Each of the W;(X,Y") can be expanded as a power series in ¥ with coefficients
in Q(X).

We turn to the description of the number of points |E(F, )| given in Example
1.1. Let P be the set of primes p which satisfy p = 1mod4. For every p € P
choose a, and b, such that p = a2 + b2 and a, + ib, = 1 (mod(2 + 2i)) and put
Tp = ap + byt € L[i}.

We shall deduce from the assumption that the (g (s) are finitely uniform the
statement:

(A) There are finitely many ¢y, ..., ¢ € Z such that for every p € P there is a
je{l,...,l} witha, =¢;.

Then we shall show that (A) contradicts a theorem of E. Hecke [9].

Assume that W(X,Y) is one of the W1(X,Y),...,W,.(X,Y) such that the set
Py of those p € P with

Gpls) =W(p,p™°%)

is infinite. Then there is a rational function Ry (X) € Q(X) such that

Bn(p) = apn (G) = fi(p) + | E(Fp )| f2(p)

for all p € Py. Since f2(X) is a non-zero polynomial, this implies then that there
is a rational function R(X) € Q(X) such that
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for all p € Py. Write now

with S(X) and T'(X) € Z[X] chosen such that they are coprime elements of
Q[X]. Choose M € N, L,(X) and Ly(X) € Z[X] with

Li(X)S(X) + Lo(X)T(X) = M.

For p € Py the value R(p) is an integer, hence T'(p) divides S(p). This implies
that T'(p) divides ‘M. Since Py is infinite T'(X) then has to be a constant.
From Example 1.1 for p € P, |E(F,)| = p — 2a,. Hence there is a polynomial

R{X) € Q(X) such that

R(p) = 2a,
for all p € Py. Now 7, - T = p and 7, + T, = 2a,. These imply

7> — R(p)mp +p = 0.

Hence 7, is one of the two complex numbers

R@)/2V 1/3?1)/)2/4 -p.

Since m, cannot be real we get

—~—2

4p > R(p)

—— —

for all p € Pp. This implies that R(X) is constant. In fact R(X) € 2Z. This
proves (A).
Let us consider the implications of (A). We associate to every z € C with

z # 0 the number
z

||
By the main result of Chapter 9 in [9] we find that the set {a(mp) : p € P} is
dense in S*. In fact Hecke proves that

az):==€S' cC

6§ T

(2.1) |{p€'P:p§T,a(7rp)eJ((S)HNZ;.Bg_T

where J = J(6) is any segment of length 4 > 0 on S*.
From (A) we infer by an elementary geometric argument that there is a seg-
ment J = J(8) of length § > 0 on S* such that

(peP:p<Taln,) € J@E)} =0.
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{Consider the lines in C of constant real part c¢;,...,¢.) This contradiction
proves Theorem 2.1. |

Remark: Given any elliptic curve E defined over @ and a prime p so that the
reduction E modulo p is again an ellitpic curve, the number N,, of points on E
over F, can always be written as

Np=—p=1=-mp—Tp

where 7, € C satisfies 7, - T, = p. (Note that N, counts the number of points
on the projective curve which includes a point at infinity.) If F has complex
multiplication then the density of the set of angles a(m,) (p a prime of good
reduction for E) in $' can always be deduced from the more general distribution
law analogous to (2.1) proved by Hecke. If E doesn’t have complex multiplication
then the a(m,) are conjectured to satisfy the Sato-Tate distribution law. This law
is different from (2.1) but also implies the density of the angles. Unfortunately
it isn’t proved for a single elliptic curve E.

3. Counting normal subgroups

To prove Theorem 1.2 for the local zeta functions counting normal subgroups it
suffices, by Theorem 2.1, to prove that there exist two polynomials f;(X) and
f2(X) with fo(X) # 0 such that for almost all primes p

a%(G) = fi(p) + |E(F,)| f2(p)

where |E(F, )| = {(b,c) € F5 : b— %+ ¢* = 0}.

We begin by linearizing the problem and moving to the associated Lie algebra
of G. Let L be the class two nilpotent Lie algebra over Z of dimension 9 defined
as a free Z-module given by the following presentation:

L= <171,1'2,1'3’1'4,$5,$67917y2ay3 : (il'l,.'lf4) = y3,($1,.’l,'5) = y17($171"6) =12
(z2,24) = 91, (T2, %5) = ¥3, (23, 74) = Y2, (23, %6) =1

where all other commutators are defined to be 0. Then L& Q is the Q-Lie algebra
associated to the torsion-free finitely generated nilpotent group G under the
Mal’cev correspondence. We can define zeta functions associated to L similarly
to those associated to G:

o

Go9) = (L™

n=0
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where * € {<, <} and ag,. (L) is the number of subalgebras of L of index p™ and
ag. (L) is the number of ideals of L of index p™. Section 4 of [8] confirms the
following:

PRroPOSITION 3.1: For almost all primes p,

Cap(8) = (L p(s)-

There is a one-to-one correspondence between additive subgroups of L of index
p™ and integer triangular matrices (m;;)i1<i<j<o satisfying (1) 0 < my; < my;
and (2) mi1...mgeg = p*. The correspondence is defined by (m;;) — additive
span of m; (i = 1,...,9) where

m; =mx; + - + MigTe + Mizy1 + Mgya + mygyz fori=1,...,6,
my; =m7ry1 + MrgYa + Mrgys,

mg =Mggys + Mgoy3,

mgy =Mggy3-

To count the number of ideals of index p™ we must count the number of such
matrices which define basis for ideals rather than just additive subgroups. Let

00 1 100 010
c=1100], c@=|00 1], cB=[00 0
010 000 100

Then for 7,7 = 1,2,3 we have
(@i, zjv3) = Ca(G)yr + Ci2(G)y2 + Ciz(G)ys = Ci1(8)y1 + Cja(d)y2 + Cj3(d)ys.

To count the number of ideals of index p°, it suffices to count how many
matrices there are of the form

ng a b
(mijhi<i<i<s, ny ¢
n3

where
(A) mij,Nij € Z;
(B) my; = p%,n; = p% and a; + -+ +ag + by +ba + b3 = 5;
(C)OSmij <myj, 0<a <ny,0<be<ns;
(D) fori=1,...,6,e=0o0r 3 and j = 1,2,3 there exists (A{E+1,A{E+2,A£E+3)
€ Z3 such that

; — (\J J J
(mi5+1 y Miet2, mi5+3)C(])NT = (/\‘g€+1ﬂ1n2n3, /\i5+2n1n2n3, AiE+3n1n2n3)
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where Nt is the adjoint matrix
nang —anz ac — nob

Nt = 0 371 —cng
0 0 ning

That condition (D) is equivalent to the statement that the associated matrix
defines an ideal can be found in section 5 of [5].

Define c,p to be the number of matrices with (a,b) = (ay,...,as,b1,b2,b3)
fixed and a; +--- + ag + by + by + b3 = 5. Then

0,;5 — ZpG<b1+b2+b3)Ca,b~
a,b
THEOREM 3.2: cap is given by a polynomial in p except for one case where
(a,b) =(0,1,1,0,1,1,0,0,1) in which case
cap = (|E(Fp)| - 1).

Proof: There is one easy case when (by,bs,b3) = (0,0,0). There are then
no conditions arising from (D) and it is just a matter of counting the number
of matrices (m;;)i1<i<j<e for the various cases of a;. This is given then by a
polynomial in p. So we may assume that there is at least one p distributed
amongst the n;.

The following lemma forces some of the distribution of the p’s:

LEMMA 3.3: (1) az,as > b3,‘ (2) as, a5 > b1,‘ (3) ai,as > b1,‘ and (4) as, g
2 b?;bl-

Proof: (1) follows from

(P*2 2 + masxs, T5) = p*2ys

hence a; > b3. Similarly symmetry implies that as > bs.
For (2) consider

(P x2 + masxs, x4) = p*2y1 + Mgy

which implies az > b;; and similarly a5 > b;.
For (3) we have

(" x1 + mioxa + Mma3xs, T5) = pPyr + Mi2ys

which implies a; > bi; and similarly a4 > ;. Considering (p*3x3,x;) and

(p*exg,x;) implies that a3, ag > bs,b; giving (4). ]
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This forces already b; = 0 if we only have five p to distribute. Suppose b3 = 0
which implies that ¢ = b= 0.

LEMMA 3.4: If b = (0,b2,0) and by > 0 then cap = 0 unless a = (1,0,1,1,0,1)
in which case cap = 1.

Proof: Note that as,a¢ > by > 1 in this case and hence b, = 1. Since b3 = 0
the conditions in (D) just reduce to solving (me4+1,Mis+2, Micy3) satisfying

1 —a
(mi5+2,mie+3) (O 1 ) (/\ze+17/\16+2p)

1 —a
(mis+1>0) (O 1 ) -(’\16+17 zs+‘2p)

—-Q

1
(mi6+31mi5+1) (0 1 ) Z(A?E-FI)A?E-}-?p)'

If a = 0 these conditions force m;4; = 0 = m+3 modp. Hence (ai,...,aq)
= (1,0,1,1,0,1) and all entries above the diagonal in (m;;) must be zero. For
1 <a<p-1 we get that m;.y; = Omodp for j = 1,2,3. This is not possible
given that a; + -+ 4+ a¢ < 4. [ |

Note that we can’t have bs, by > 1 since as,ag > by and ay,a5 > bs.
Hence we are left with the case of (0,0,b3) and b3 > 1.

LEMMA 3.5: If b = (0,0,b3) and b3 > 1 then ca b is polynomial in p unless
a=(0,1,1,0,1,1) in which case

cab = (|E(Fp)| - 1).

Proof: We know that az,as > bz so again this forces bs = 1. So (D) reduces to
the following;:

1

(3.1) —Mie+2b — Mie 43¢ + Mict1 =Aicy 3P,
2

_mie+lb + Miet2 =’\ie+3p’

(3.3) —Mic43b — Micr1¢ =A% 43P,

Considering i = 3 and 6 gives us that either mg3 = mgg = por b =0 = c.
Suppose we are in the second case. Then the conditions reduce to m;.41 =0 =
Mie+2 mod p. This gives a polynomial expression in p.

So we may suppose finally that one of b or ¢ is non-zero, in which case
((11,...,&6) = (0,1,1,0,1,1).
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Consider firstly 7 = 1 and £ = 0. If b = 0 then, since my; = 1, equation (3.3)
implies ¢ = 0 but this contradicts (3.1). So we may assume b # 0. Then we get a
solution if and only if 1 = b? — ¢*/bmod p and then m;5 and m;3 are determined.
The same applies for ¢ = 4 and € = 3.

Consider next ¢ = 1,2,3 and £ = 3. We have the following system:

—msb — mige =Ml 43D,
ms :/\?34-3177
—m;gb :)‘?e+3p-
This implies then that m;s = m;s = 0.
Finally we must consider ¢ = 2, £ = 0 and 7 = 5, = 3. This case reduces to
~pb = Mic 43¢ =X, 43P,
—Mic43b =)\?€+3P-
This again implies that m;.43 = 0. Hence once (b, ¢) is a non-zero point on the
elliptic curve the matrix (m;;) is determined. Hence when

(a,b)=(0,1,1,0,1,1,0,0,1)

we get
cab = (|E(F,)| - 1). 1

Lemmas 3.4 and 3.5 suffice to prove Theorem 3.2 and hence confirm a negative
answer for the question of Grunewald, Segal and Smith in the case of normal
subgroups.

COROLLARY 3.6: The local zeta functions ( ,(s) of G are not finitely uniform.

4. Counting subgroups

To settle the question of counting all subgroups it is sufficient to consider the
subgroups of index p3.
We have to count how many matrices there are of the form

nq a
(mz‘j)1§i§j§6, n2
ng

where
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(A) myj,nij € Z;

(B) Mij :p“i,ni:pbi and a; +---+ag+by +bs+b3=3;
(C) 0 <my; <mjj, 0<a<ng,0<be<ng;

(D) for i < j € {1,...,6}, there exists (A};, A%;, ;) € Z3 such that

i3 Mg
6
(mii,...,mi6)<2mﬂD(l> (/\ n1n2n3,)\ mnzng,/\ nl’l’lzng)

where N is the adjoint matrix
nsNz —ang ac— leb
Nt = 0 n3ny —cny
0 0 nins

and

D(l) = (‘%U)) if1=1,2,3,

D) = (C(lo— 3)> it1=4,5,6.

That condition (D) is equivalent to the statement that the associated matrix
defines a subalgebra can be found in section 5 of [5].

Define cap to be the number of matrices with (a,b) = (ay,...,aq, b1, bs, b3)
fixed and a1 + -+ ag + by + by + b3 = 3. Then

6(b1+b2+b3)
pS_Zp 1+b2+b3) Cab-

We prove the following, which is sufficient to prove that the local zeta functions
Cé,p(s) of G are not finitely uniform:

THEOREM 4.1: cap is given by a polynomial in p except for the following cases:
(1) (a,b) =(0,1,1,0,0,0,0,0,1) in which case

cab = (|E(Fp)| - 1).
(2) (a,b) =(0,0,0,0,1,1,0,0,1) in which case
cap =p°(IE(F,)| - 1).
3) (a,b)=(0,0,1,0,1,0,0,0,1) and (0,1,0,0,0,1,0,0,1) in which case

cab = p(|E(Fp)| - 1).
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(4) (a,b)=(0,0,1,0,0,1,0,0,1) in which case

cab = P(|A(Fp)])

where |A(F,)| is the number of triples (a,b,c) € ¥ with a,b non-zero
satisfying

a(b+c® —b%) +cb(1 —b) = 0.
(Note that this can still be expressed as a Boolean combination of points
on E and various affine lines.)

Proof:  As before the case of (by,be,b3) = (0,0,0) is straightforward. There
are then no conditions arising from (D) and it is just a matter of counting the
number of matrices (m;;)1<i<j<e for the various cases of a;. This is given then
by a polynomial in p.

LEMMA 4.2: If (by,b2,b3) = (b1,0,0) with by > 0 then cay, is polynomial in p.
Proof: Condition (D) reducesto 1 <i<j <6
pbl I(milmJS + MyaMjs — MigMja + Mi3Mje — mism]g).

We list a number of these where the equation is indexed by the choice of (i, j):

(3,6) P |mazmes,
(2,4) PP maamus + mozmag,
(1,5) P imiimss + mizmse,
(3,4) p" Imasmas,
(3,5) P Imazmse.

If mge = 1 then mse = mag = 0 and the first three equations imply that there
are too many p’s to have to distribute. So mgs = p or p?. But the same argument
implies that at least one of mgg or m4g must be prime to p in which case the last
two equations imply msz = p and mee = p. So if bs = bg = 0 then the only case
where we get something to count is for (a,b) = (0,0,1,0,0,1,1,0,0). Condition
(D) then reduces to the following:

pl(1 4+ mizmse), M3e = mag = ma3 = 0.

The matrices satisfying this condition are clearly given by a polynomial in p.
1

Note that the above implies that in general, if b, > 0 then a3 = ag = b; = 1.
So we suppose now that b; = 0.
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LEMMA 4.3: If b = (0,b9,0) with be > 0 then cay, is polynomial in p.

Proof: Condition (D) becomes now that for 1 <i< j <6

Pb2 |mi1mj6 FM3Mj4 — Mg M3 _a(milmjs +miomjs —miam o +Mi3m g _miﬁmj3)~
If @ = 0 then we have, taking (4, j) = (1,6) and (3,4),

p"|m11mes,

Pb2|m33m44-
This means that at least one of the columns above mas or m44 contains zeros.
Hence condition (D) reduces to

PP miimye,
pb2|m33m44~
This is polynomial in p.
Suppose now that a # 0. Taking (4,7) = (3,6) gives us that p®2|ms3mes. So

again this implies by = 1. So we have two p’s to distribute and at least one must
be at ma3 or mge. Suppose mzz = 1, which means that m;3 = 0. Then:

(3, 5) P| — amssmmse,
(1,5) plmiimse — amyymss.

This implies then that p|m;3mss. But taking (¢,j) = (2,4) we get plmaamag.
Hence again we have too many p’s.

So we may suppose ma3 = p or p°.

Suppose mgg = 1. Then (i,7) = (2,6) gives p| — amazmes, i.e., mog = 0.
Applying this now to (z,7) = (2,4) implies plmaamas. But (i,7) = (1,5) implies
that p| — amiimss since mse = 0. This gives a contradiction since we only have
one p to distribute amongst my1,mMa2,Mqq, Mss5. So we are only left with the
case that (a,b) = (0,0,1,0,0,1,0,1,0). The condition (D) reduces then to the
following conditions on m;3, and me:

(1,2) plmae — a(mizmae — Mm1ema23),
(1,3) plmas — a(mizmss),

(1,4) plmas +mi3 — a(mizmas),
(1,5) plmse — a(l + mizmse),

(2,3) plamazmse,

(2,4) plmaz — a(1l + mazmae),

(2,5) plamazmsg.



Vol. 126, 2001 NON-UNIFORMITY OF LOCAL ZETA FUNCTIONS 283

(1,5) and (2,4) imply that ms¢ # 0 and m23 # 0. But since a # 0 this contradicts
(2,5). Hence we have no solutions when a # 0. ]

Note that the above analysis also showed that with at least one p at by there
have to be two p’s amongst the m;;. Hence b is forced to be 0.

Finally we come to the analysis which will provide us with something depending
on the number of points on the elliptic curve E. We have b = (0,0,b3). The
condition (D) becomes now:

b
p 3|mi1mj4 + Mmiamjs — MisMja — c(milmj(i + Migmjq — mi4mj3)
— b(mimjs + Mpmja — MuaMjs + MizMjs — MigM;3 ).

LEMMA 4.4: If (a,b) = (0,1,1,0,0,0,0,0,1) then cap = (|E(F,)| — 1).

Proof: We only need to consider i € {1,2,3} and j € {4,5,6}. The conditions
reduce to the following:

(1,4) p|l — emy3 — by,
(1,5) plmi2 — b,

(1,6) pl — ¢+ bms,
(2,4) plemas — b,

(2,6) p| — bmas.

If b = 0 we get that ¢ = 0 and hence there are no solutions by (1,4). So suppose
b # 0. Then mo3 = 0 and for every value of (b,c) on the elliptic curve we get a
unique solution for mys and mq3. Hence cap, = (JE(Fp)| — 1). ]

LEMMA 4.5: If (a,b) = (0,0,0,0,1,1,0,0,1) then cap = (|E(F,)| — 1)p°.

Proof: Condition (D) reduces to the following:

(1,2) plmag — mys — emag — b(mas — may),
(1,3) plmaq — c(mze — myq) — b(mas — myg),
(1,4) pll — cmye — brnys,

(1,5) p| — emss,

(2,3) plmas + cmag — b(mas — mag),

(2,4) plmas — b,

(3,4) p| — ¢ — by,

(3,5) p| — bmse.
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Conditions (1,2), (1,3) and (2,3) determine the values of ma4, m34 and mss
respectively once everything else is chosen. The same analysis as before deals
with the other equations and we get that cap = (|E(Fp)| — 1)p°. |

LEMMA 4.6: If (a,b) = (a1,a2,0,a4,a5,0,0,0,b3) then cap is polynomial in p.

Proof:  (2,6) gives us p®|bmszmes. Hence if there are no p’s at a3 or ag then
b=0and b3 = 1. (2,5) gives us the following;:

b _
P’ |magmigs — bmagsg = MaaMss.

Hence one p must be at as or as.

Consideration of (1,6) and (3,4) implies that p| — cmyymgs and p| — cmggmyg.
Hence ¢ = 0 too since we only have one p to distribute. Then the condition (D)
reduces just to

b
P2 mimjq + mipmys — mismys.

Consideration of (1,4) implies that one p must be at a4 or a;. Hence at least one
of the columns above m22 or mgs contains zeros. So condition (D) becomes

(1,2) plmiimag — masmas,

(1,3) plmiima,

(1,5) plmizmss,

(2,3) plmaamss,

(2,4) plmaamus,

(2,5) plmaamss.

These conditions result in polynomial conditions on m;;. [ |

Suppose now that one p is at as or ag. Then b # 0. Otherwise the analysis
of the proof of the above lemma implies that another p must be at as or a5 (by
(2,5)), that ¢ = 0 and consequently a further p must be at a4 or a; (by (1,4))
which exceeds the number of p we have to distribute.

LemMa 4.7: If (a,b) = (0,0,1,0,0,1,0,0,1) then

cap = p(p’ — |E(F,)| +2).

Proof: Condition (D) becomes:

(1,2) P| — cmagg — b(mizmag — Mm1emas),
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(1,3) p| — em3e — bmizmas,

(1,4) Pl — e(mas +ma3) — dmazmas,
(1,5) p| — emse — b(1 + mizmss),
(2,3) p| — bmagmse,

(2,4) p| — emag — b(1 + mazmae),
(2,5) p|1 — bmagmesg.

(2,5) implies that b, mg3, mse are all non-zero and
Mse = 1/bm23 IIlOdp.

Given a non-zero value of mo3 then (1,2) determines the value of m,¢ and (2,3)
implies that mag = 0, which in turn implies that (1,3) is satisfied. The interest
comes in combining (1,4), (1,5), (2,4) and (2,5). Given msy3 non-zero then we
have determined the value of msg; similarly we get:

my3 = —c¢ — bmyg mod p,

Mys = —C/b - 1/77123 modp.
However, we are then left with the following condition on ms3 coming from (1,4),
that ms3 must be a solution mod p to the following equation:

m23(b+ - b3) + Cb(l - b) =0.

Recall that mo3 and b are non-zero. If b+ c? — b3 = 0 then either (i) ¢ = 0 or (ii)
b= 1. In case (i), since b+c?—b% = 0, b = 1 or -1. Hence we get a contribution of
2(p—1). In case (ii), ¢ = 0 and we get a contribution of (p—1). If b+c* —b* # 0,
then to ensure that the solution for m»3z is non-zero we must insist that b # 0 or
b#1orc# 0. So we must remove also (0,¢) ¢ £ 0, (1,¢) ¢ # 0, and (b,0) where
b # —1,0,1. Hence this case contributes

P~ |EF) -2 -1) - (-3).
Hence for {(a,b) = (0,0,1,0,0,1,0,0,1) we have

cap = p(p° — | E(F,)| +2).

The p on the outside comes from the fact that mog is free. |

We are left with distributing at most one p amongst as and ag. Hence one of
mag Or mye must be zero. This implies that the other p must then be given to
ay or as since (2,5) implies that

b
P’ |maamss — bmazmsg = MasMss.
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We have done the cases of (az,a3) = (1,1) and (a5, as) = (1,1). This leaves us
with two cases.

LEMMA 4.8: If (a,b) = (0,1,0,0,0,1,0,0,1) then cap = p(|E(F,)| — 1).

Proof: (a,b) =(0,1,0,0,0,1,0,0,1) gives rise to the following conditions:

{1,2) p| — cmae,

(1,3) p| — emge + bmag,
(1,4) p|l — cmygg ~ by,
(1,5) plmiz — cmse — b,
(2,3) plbmiss,

(3,4) p| — ¢ — by,
(3,5) p| — bmse.

We know that b # 0 by the argument preceding Lemma 4.7. Hence we get
maee = mss = 0. Equation (1,3) determines the value of mjg. Equation (1,5)
implies m12 = b. Equation (3,4) implies mye = —c/b. Equation (1,4) can now
only be solved if (b,c) is a solution to b+ ¢ — b* = Omod p. mag is free. Hence
if (a,b) = (0,1,0,0,0,1,0,0,1) we have cap = p(|E(F,)| - 1). 1

LEMMA 4.9: If (a,b) = (0,0,1,0,1,0,0,0,1) then cap = p(|E(F,)| — 1).

Proof: (a,b) =(0,0,1,0,1,0,0,0, 1) gives rise to the following conditions:

(1,2) p| — mis — bmas,
(1,3 p| — bmss,

(1,4) p|l — cmy3 — bmys,
(1,6) pl — ¢ — bmys,
(2,3) plmss,

(2,4) plmys — cmes — b,
(2,6) p| — bmas.

Since b # 0 we get ma3 = mgs = 0. (1,2) determines mi5 and mgs is free. {1,6)
implies my3 = —c/b. (2,4) implies m4s = b. Finally, (1,4) only has a solution if
(b, c) is a solution to b+ c% — b3 = Omod p. Hence if (a,b) = (0,0,1,0,1,0,0,0,1)
we have

cab =p(lE(Fp)|-1). &
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This completes the proof of Theorem 4.1. |
COROLLARY 4.10: The local zeta functions (é,p(s) of G are not finitely uniform.

Proof: The analysis of Theorem 4.1 implies that there exist polynomials f; (X)
and f>(X) such that

0% = Y P, o = £1(p) + (D) E(F,)| = [E(F,)| + cmodp7
a,b

where ¢ is some constant independent of p. The third equality confirms that
f2(X) is non-zero. Therefore we can apply Theorem 2.1 to deduce the corollary.
|

In a future paper [3] we shall show

THEOREM 4.11: There exist two non-zero rational functions P;(X,Y) and
Py (X,Y) € QX,Y) such that for almost all primes p:

CGp(8) = Pi(p,p™*) + |EF)| P2 (p,p™°)-

In other words, the elliptic curve is the only non-rational variety that is involved
in counting normal subgroups in G. In recent work with Loeser [7], we have
developed the concept of a motivic zeta function associated to any torsion-free
finitely generated nilpotent group. This is a power series with coefficients in the
Grothendieck ring of algebraic varieties. Let £ denote the subring generated by
the Lefschetz motive L = [A}]. A corollary to the proof of Theorem 4.11 says that
the coefficients of the motivic zeta function of G associated to (& ,(s) lie in the
L-submodule of the Grothendieck ring generated by the motive corresponding to
the elliptic curve F. In [3] we explain how these ideas can be used to define a new
invariant for nilpotent groups consisting of the smallest £-submodule containing
the coefficients of the associated motivic zeta function. It would be interesting to
know what this invariant is for the motivic zeta function associated to Cé’p(s). I
would conjecture that despite the extra complications from counting subgroups,
the motivic zeta function still has coefficients lying in the £-submodule generated
by E.
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