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ABSTRACT 

A nilpotent group is defined whose local zeta functions counting sub- 
groups and normal subgroups depend on counting points modp  on the 
elliptic curve y2 = x 3 - x. This example answers negatively a question 
raised in the paper of F. J. Grunewald, D. Segal and G. C. Smith where 
these local zeta functions were first defined. They speculated that  local 
zeta functions of nilpotent groups might be finitely uniform as p varies. 
A proof is given that  counting points on the elliptic c u r v e  y 2  = x 3 _ x are 

not finitely uniform, and hence the same is true for the zeta function of 
the associated nilpotent group. This example demonstrates tha t  nilpo- 
tent groups have a rich arithmetic beyond the connection with quadratic 
forms. 

1.  I n t r o d u c t i o n  

G r u n e w a l d ,  Sega l  a n d  S m i t h  i n t r o d u c e d  t h e  n o t i o n  of  t h e  z e t a  f u n c t i o n  of  a g r o u p  

G in  [8]: 

~ ( s )  = E ,G: HI -~-- E a ~ ( G ) n - 8  
H ~ G  n = l  

w h e r e  a < (G)  d e n o t e s  t h e  n u m b e r  of  s u b g r o u p s  of  i n d e x  n in  G .  T h e  d e f i n i t i o n  of  

t h i s  z e t a  f u n c t i o n  as  a s u m  ove r  s u b g r o u p s  m a k e s  i t  l ook  l ike a n o n - c o m m u t a t i v e  
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version of the Dedekind zeta function of a number field. They proved that for 

finitely generated, torsion-free nilpotent groups the global zeta function can be 

written as an Euler product of local factors which are rational ffmctions in p-S: 

p prime 

= H Z<(P'P-S) 
p prime 

< ~ a<n(G)p -as and < where for each prime p, ff~,p(8) = E n = o  Z p ( X ,  Y )  c=: Q ( X ,  Y ) .  

Similar definitions and results were also obtained for the zeta function ~ ( s )  

counting normal subgroups. 

One of the major questions raised in the paper [8] is the variation with p of 

these local factors Z < (X, Y). Many of the examples showed a uniform behaviour 

as the prime varied. For example, if G is the discrete Heisenberg group 

G =  1 
0 

then for all primes p 

¢_< = ( 1  - p 3 - 3 s )  

G,p (1 - p-S)(1 - pl-S)(1 - p2-2s)(1 _p3-2s)" 

However, if one takes the Heisenberg group with entries now from some 

quadratic number field, then it was shown in [8] that the local factors Z~(X, Y) 
counting normal subgroups depend on how the prime p behaves in the quadratic 

number field. The authors of [8] were lead by such examples and the analogy 

with the Dedekind zeta function of a number field to ask whether the local fac- 

tors always demonstrated a Cebotarev density type behaviour, depending on the 

behaviour of primes in number fields. In particular they speculated in [8] that it 

was 'plausible' that  the following question has a positive answer: 

QUESTION: Let G be a finitely generated nilpotent group and * C {_<, ,~}. Do 
there exist finitely many rational functions WI ( X,  Y ) , . . . ,  Wr( X, Y) C Q(X, Y) 

such that for each prime p there is an i for which 

* 8 ~G,p( ) = Wi(p,p-S)? 

If the answer is 'yes' we say that the local zeta functions ~,p(s) of G are finitely 
uniform. If there is one rational function W(X,  Y) such that  ~ ,p (s )  = W(p,p- ' )  
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for almost all primes then we say that the local zeta functions ~,p(S) of G are 

uniform. 
Grunewald, Segal and Smith elevated this question to a conjecture in the case 

that G is a free nilpotent group. In [8] they confirmed the conjecture in the case 

that G is a free nilpotent group of class 2. In recent work with Grunewald [6], 

we have also confirmed the conjecture for the case that G is a two generator free 

nilpotent group of arbitrary class. 

The question of the behaviour of these local factors has gained extra signif- 

icance in the light of recent work of mine on counting the number f(p, n) of 

non-isomorphic finite p-groups that exist of order p~. Higman's PORC conjec- 

ture [10] asserts that for fixed n, the number f(p, n) is given by a polynomial in 

p whose coefficients depend on the residue class of p modulo some fixed integer 

N, (Polynomial On Residue Classes). In [1] and [2] it is explained how this 

conjecture is directly related to whether certain local zeta functions attached to 

free nilpotent groups are finitely uniform. 

The examples of Grunewald, Segal and Smith hinted that the behaviour of the 

local factors as one varied the prime would be related to the behaviour of primes 

in number fields. However, recent work [4] and [5] with Grunewald shows that 

this first impression is misplaced. The behaviour is rather governed by a different 

question, namely how the number of points modp  on a variety varies with p. 

In [4] and [5], we show that for each finitely generated nilpotent group G there 

exists an explicit system of subvarieties Ei (i E T, T finite) of a variety Y defined 

over Z and, for each subset I of T, a rational function WI(X, Y) E Q(X, Y) such 

that for almost all primes p 

where 

* 8 ~G,p( ) = ~ cI(p)WI(P,P -s) 
I c T  

ci(p) = card{a E Y(Fp) : a E Ei(Fv) if and only if i E I}. 

So the analogy with the Dedekind zeta function of a number field is too sim- 

plistic, rather it is the Weil zeta function of an algebraic variety over Z that 

offers a better analogy. In contrast to the behaviour of primes in number fields, 

the number of points modp  on a variety can vary wildly with the prime p and 

certainly does not have a finitely uniform description. 

Example 1.1 ([11], 18.4): Let E be the elliptic curve E = Y-~ - X 3 + X. Put  

IE(~'p)l - -  [ { ( x , y )  E ~ p :  y2  _ x a + x = 0}l.  
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I f p  ------ 3 (mod4) then IE(Fp)I = p. However, i f p  - 1 (mod4) then 

IE(Fp)I = p - 2a, 

where p = a 2 + b 2 and a + ib-- 1 (mod(2 + 2i)). 

(Note that  IE(Fp)I is one less than the value Np given in [11], 18.4 since Np 
counts the number of points on the projective version of E. This includes one 

extra  point at infinity not counted in the afflne coordinates.) 

However, despite this theoretical advance which moves the problem into the 

behaviour of varieties modp,  it was not clear still whether exotic varieties like 

elliptic curves could arise in the setting of zeta functions of groups. It  might 

be that  the question of Grunewald, Segal and Smith would still have a positive 

answer since the varieties that  arise out of the analysis of myself and Grunewald 

were always rational where the number of points m o d p  is uniform in p. 

The purpose of this paper  is to present an example of a nilpotent group G 

whose zeta function depends on the behaviour m o d p  of the number of points on 

the elliptic curve E = y2  _ X 3 + X.  The group G is a Hirsch length 9, class two 

nilpotent group given by the following presentation: 

G = < Xl,X2,X3,X4,X5,x6,Yl,Y2,Y3 : [Xl,X4] = Y3,[xl,x5] = Yl,[Xl,X6] = Y2 > 
[x2, x4] = y l ,  Ix2, xs]  = y3,  Ix3, = y2,  x6] = y l  

where all other commutators  are defined to be 1. To see where the elliptic curve 

is hiding in this presentation, take the determinant of the 3 × 3 matr ix  (aij) with 

entries aij = [xi, xj+3]. The elliptic curve is encoded into the presentation in a 

manner which offers hope that  an arbi trary variety can be realised in a similar 

fashion. We come back to this question in a future paper. However, we content 

ourselves in this current paper with offering a proof of the following negative 

answer to the question of Grunewald, Segal and Smith: 

THEOREM 1.2: The local zeta functions ~,p(8) and ~a,p(S) are not finitely 
uniform. 

ACKNOWLEDGEMENT: I should like to thank the Royal Society for support  in 

the form of a University Research Fellowship. I should also like to thank the Max 

Planck Insti tut  in Bonn where this group flashed into my head one evening and 

for invaluable conversations with Fritz Grunewald during my time at the MPI. 
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2. C o u n t i n g  p o i n t s  o n  e l l ip t ic  cu rve s  

Here we establish the following reduction of Theorem 1.2. In the following two 

sections we establish that our hypothesis in this Theorem is indeed true. 

THEOREM 2.1: Let * E {~, ,~}. Suppose there exist N E N and two polynomials 

fl(X) and f2(X)with f2(X)  ~ 0 such that for almost all primes p 

apN (G) = :I(P)-I-IE(Fp)lY2(p) 

where IE(Fp) I -- {(b,c) E ~p: b -  b 3 + c  2 = 0}. Then ~5,p(S) is not finitely 

uniform. 

Proof'. Suppose that ~ ,p ( s )  is finitely uniform. Then there are finitely many 

rational functions W1 (X, Y ) , . . . ,  Wr(X, Y) E Q(X, Y) such that for every prime 

number p there is a j E {1 , . . . ,  r} for which 

~,p(S) = Wj(p,p-8). 

Each of the Wj(X, Y) can be expanded as a power series in Y with coefficients 

in Q(X). 

We turn to the description of the number of points [E(Fp) 1 given in Example 

1.1. Let P be the set of primes p which satisfy p _= 1 rood 4. For every p E T' 

choose ap and bp such that p = a~ + b 2 and ap + ibp - 1 (mod(2 + 2i)) and put 

rp = ap + bpi E Z [i]. 

We shall deduce from the assumption that the (~,p(S) are finitely uniform the 

statement: 

(A) There are finitely many c l , . . . ,  ct E Z such that for every p E :P there is a 
j E {1 , . . . , l }  with ap = cj. 

Then we shall show that (A) contradicts a theorem of E. Hecke [9]. 

Assume that W(X,  Y) is one of the WI(X, Y ) , . . . ,  Wr(X, Y) such that the set 

P0 of those p E P with 

C5,p(S) = W(p,p  -8) 

is infinite. Then there is a rational function RN(X)  E Q(X) such that 

RN(p) = a*pN (G) = fl(P) + IE(Fp)lf2(p) 

for all p E Po. Since f2(X)  is a non-zero polynomial, this implies then that there 

is a rational function R(X)  E Q(X) such that 

R(p) = IE(Fp )I 
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for all p E 7)0. Write now 
S(X) 

R(X)- T(X) 

with S(X) and T(X)  E Z[X] chosen such that they are coprime elements of 

Q[X]. Choose i E N, i x ( X )  and L2(X) E Z[X] with 

LI(X)S(X)  + L2(X)T(X) : M. 

For p E Po the value R(p) is an integer, hence T(p) divides S(p). This implies 

that T(p) divides M.  Since 7)o is infinite T(X)  then has to be a constant. 

From Example 1.1 for p E P,  ]E(Fp) I : p - 2ap. Hence there is a polynomial 

R(X) E Q(X) such that 

R(p) = 2ap 

for all p E P0- Now ~r v • ~ = p and 7cp + "~p = 2ap. These imply 

2 _ R(p)rp +p  : O. 7¢p 

Hence 71"p is one of the two complex numbers 

R(p) /2 4- /4 - p. 

Since 7[p cannot be real we get 

~ 2  
4p > R(p) 

for all p E 7)0. This implies that R(X) is constant. In fact R(X) E 2Z. This 

proves (A).  

Let us consider the implications of (A). We associate to every z E C with 

z # 0 the number 
z $1 

a(z) := ~-~ E C C. 

By the main result of Chapter 9 in [9] we find that the set {a(~rp) : p E P} is 

dense in S 1. In fact Hecke proves that  

5 T 
(2.1) ]{p E 7:': p <_ T,a(Trp) E J(6)}] ,-~ 4--~" logT 

where J = J(5) is any segment of length 5 > 0 on S 1. 

From (A) we infer by an elementary geometric argument that there is a seg- 

ment J = J(6) of length 6 > 0 on S 1 such that  

{p E P : p  <T,a(up) E J(6)} = 0. 
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(Consider the lines in C of constant real par t  c l , . . . , c t . )  This contradiction 

proves Theorem 2.1. | 

Remark: Given any elliptic curve E defined over Q and a prime p so that  the 

reduction E modulo p is again an ellitpic curve, the number Np of points on E 

over Fp can always be written as 

Np - p - 1 = -Trp - 7rp 

where 7rp E C satisfies ~rp • ~pp = p. (Note that  Np counts the number of points 

on the projective curve which includes a point at infinity.) If E has complex 

multiplication then the density of the set of angles a(~rp) (p a prime of good 

reduction for E) in S 1 can always be deduced from the more general distribution 

law analogous to (2.1) proved by Hecke. If E doesn't  have complex multiplication 

then the a(rcp) are conjectured to satisfy the Sato-Tate  distribution law. This law 

is different from (2.1) but also implies the density of the angles. Unfortunately 

it isn't proved for a single elliptic curve E.  

3. Counting normal subgroups 

To prove Theorem 1.2 for the local zeta functions counting normal subgroups it 

suffices, by Theorem 2.1, to prove that  there exist two polynomials f l ( X )  and 

f2(X) with f2(X) ~ 0 such that  for almost all primes p 

aps(G) = fx(P) + [E(Fp)[f2(p) 

where IE(Yp)l -- {(b,c) E ~p : b - b 3 + c 2 = 0}. 

We begin by linearizing the problem and moving to the associated Lie algebra 

of G. Let L be the class two nilpotent Lie algebra over Z of dimension 9 defined 

as a free Z-module given by the following presentation: 

L =  ( x l ,x2,x3,x4,x5,x6,Yl ,Y2,Y3 : (xl,x4) = Y3,(Xl,Xs) = Yl,(Xl,X6) -- Y2 ) 
(x2, x4) = Yl, (x2, x5) = Y3, (x3, x4) -- Y2, (X3, X6) ~- Yl 

where all other commutators  are defined to be 0. Then L ® Q is the Q-Lie algebra 

associated to the torsion-free finitely generated nilpotent group G under the 

Mal'cev correspondence. We can define zeta functions associated to L similarly 

to those associated to G: 

(x)  

~,p(S) = E ap "(L)p-'~" 
n=O 
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< 
where • C {_<, ,~} and a~. (L) is the number of subalgebras of L of index pn and 

@~ (L) is the number of ideals of L of index p'k Section 4 of [8] confirms the 

following: 

PROPOSITION 3.1: For almost  ali primes p, 

~5,p(s) = ~;~,p(s). 

There is a one-to-one correspondence between additive subgroups of L of index 

pn and integer triangular matrices (mij)l<_i<_j<_9 satisfying (1) 0 _< mij  < m j j  

and (2) ml l  . . .  m99 = pn. The correspondence is defined by (mi j )  ~+ additive 

span of mi  (i = 1 , . . . , 9 )  where 

m i  = m i i x i  + "'" + mi6x6 -~- mi7Yl + misY2 + mi9Y3 for i = 1 , . . . ,  6, 

m7 =m77Y1 -1- m7sY2 '}- mTuY3, 

ms =mssY2 + ms9Y3, 

m9 =m99Y3. 

To count the number of ideals of index pn we must count the number of such 

matrices which define basis for ideals rather than just additive subgroups. Let 

(Z°i) (I°Z) (i 1 i) C(1) - -  0 , C(2) - -  0 0 , C(3) - -  0 . 
1 0 0 0 

Then for i , j  -= 1,2,3 we have 

(xi,  xj+3) = C i l ( j ) y l  + Ci2(j)y2 + Ci3(j)y3 = C j l ( i ) y l  + Cj2(i)y2 + Cj3(i)y3. 

To count the number of ideals of index p5, it suffices to count how many 

matrices there are of the form 

((mij)i<_i<_j<6, ( 

where 

(A) m i j , n i j  e Z; 

nla b)) 
n2 c 

n3 

(B) mii  = p a l  ni = pbl and al + " "  + a6 + bl + b2 + b3 = 5; 

(C) 0 < mij  < mjj, 0 <_ a < n2,0 <_ b,c < n3; 

(D) for i 1 , . . . ,  6, e 0 or 3 and j 1, 2, 3 there exists J J J = _-- ___ (Ais+i, 
E Z a such that  

(mi~+i, mi~+2, m i ~ + 3 ) C ( j ) Y  t (A~'~+inln2na, j J n ---- Aie+2nln2n3, Aie+3nl 2n3) 
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Tha t  condition (D) is equivalent to the s ta tement  tha t  the associated matr ix  

defines an ideal can be found in section 5 of [5]. 

Define Ca,b to be the number  of matrices with (a, b) = ( a l , . . . ,  a6, b~, b~, b3) 

fixed and al + " "  + a6 + bt + b2 + b3 = 5. Then  

a~5 = Z P~(bl+b~+b~/Ca b 
a ,b  

THEOREM 3.2: C~,b is given by a polynomial in p except  for one case where 

(a, b) = (0, 1, 1, 0, 1, 1, 0, 0, 1) in which ease 

C~,b = ( [ E ( F p ) [ -  1). 

Proof: There  is one easy case when (bl,b2,b3) = (0,0,0) .  There  are then 

no conditions arising from (D) and it is just  a ma t t e r  of counting the number  

of matrices (mij)l<_i<_j<_6 for the various cases of ai. This is given then by a 

polynomial  in p. So we may assume tha t  there is at least one p distr ibuted 

amongst  the ni. 

The  following lemma forces some of the distr ibution of the p's: 

LEMMA 3.3: (1) a2,a5 > b3; (2) a2,a5 > bl; (3) al,a4 > bl; and (4) aa,a6 

>_ b2, bl. 

Proof'. (1) follows from 

(pa2x2 + m23x3, Xs) = pa2y3 

hence a2 > b3. Similarly symmet ry  implies tha t  a5 _> b3. 

For (2) consider 

(pa2x2 + m23x3, X4) ~--- pa~yl + m23y2 

which implies a2 > bl; and similarly a5 _> bl. 

For (3) we have 

(palxl + m12x2 + m13x3, xs) = palyl + ra12y3 

which implies al  > bl; and similarly a4 >_ bl. Considering (p~3x3,xi) and 

(pa~x6,xi) implies tha t  a3,a6 > b.2,bl giving (4). | 
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This forces already bl = 0 if we only have five p to distribute. Suppose b3 -- 0 

which implies tha t  c = b = 0. 

LEMMA 3.4: I f b  = (0, b2,0) and b2 > 0 then Ca,b = 0 un/ess a = (1,0, 1, 1,0, 1) 

in which case Ca,b = 1. 

Proof: Note tha t  a3, a6 _> b2 _> 1 in this case and hence b2 = 1. Since b3 -- 0 

the conditions in (D) just  reduce to solving (mi~+l, mie+2, mi~+3) satisfying 

1 
(mie+2,miz+3) 0 

(1 
(mid+l, 0) 0 

(1 
(mie+3,mie+l)  0 

x a  / 1 1 = ('~i~+1, ~i~+2P), 

? )  "A2 ~ 2 " ~--( ie+l ,  ie+2P)~ 

-- (hie+l,/~iz+2P)" 

If  a = 0 these conditions force mie+l ~- 0 = mie+3 modp .  Hence ( a l , . . . , a 6 )  

= (1, 0, 1, 1, 0, 1) and all entries above the diagonal in (mi j )  must  be zero. For 

1 < a < p - 1 we get tha t  mi~+j = 0 m o d p  for j = 1,2,3.  This is not  possible 

given tha t  al + " "  + a6 _~ 4. | 

Note  tha t  we can ' t  have b3, b2 >_ 1 since a3, a6 >__ b2 and a l ,  a5 > b3. 

Hence we are left with the case of (0, 0, b3) and b3 _> 1. 

LEMMA 3.5: I f  b = (0, 0, b3) and b3 ~ 1 then Ca,b is polynomial  in p unless 

a = (0, 1, 1, 0, 1, 1) in which case 

Ca,b ---- (IE(Fp)I- 1). 

Proof: We know tha t  a2,a5 > b3 so again this forces b3 = 1. So (D) reduces to 

the following: 

1 
(3.1) -mi~+2b - mi~+3c + mie+l =~i~+3P, 

(3.2) - m i ~ + l b  + mi~+2 = i~+3P, 

(3.3) -mi~+3b 3 -- mie+l C =)~ie+3P" 

Considering i = 3 and 6 gives us tha t  either m33 = m66 = p or b = 0 = c. 

Suppose we are in the second case. Then  the conditions reduce to  mie+l -=- 0 = 

mie+2 modp .  This gives a polynomial  expression in p. 

So we may suppose finally tha t  one of b or c is non-zero, in which case 

( a l , . . . , a 6 )  = (0 ,1 ,1 ,0 ,1 ,1 ) .  
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Consider  f irst ly i = 1 and  ~ = 0. I f  b = 0 then,  since r o l l  ---- 1, equa t ion  (3.3) 

implies  c = 0 bu t  this  con t rad ic t s  (3.1). So we may  assume b ¢ 0. Then  we get  a 

solut ion if and  only if 1 = b 2 - c 2 / b m o d p  and  then  m12 and m13 are  de te rmined .  

The  same appl ies  for i -- 4 and  e = 3. 

Consider  next  i = 1, 2, 3 and  c = 3. We have the  following sys tem:  

- m i s b  - mi6c  - ie+3P, 
2 

mi5 :~ ie+3P,  

- m i 6 b  3 :~is+3P" 

This  implies  then  t ha t  mi5 = mi6 = O. 

Fina l ly  we mus t  consider  i = 2, ~ = 0 and  i = 5, c = 3. This  case reduces  to  

1 
- p b  - ~7~ie + 3 c  : )~ie + 3P, 

- m i e + 3 b  3 :)~ie+3P" 

This  again  implies  t ha t  mi~+3 = 0. Hence once (b, c) is a non-zero  po in t  on the  

el l ipt ic curve the  m a t r i x  (mi j )  is de te rmined .  Hence when 

( a , b )  = ( 0 , 1 , 1 , 0 , 1 , 1 , 0 , 0 , 1 )  

we get  

Ca,b = (IE(Fp)I - 1). | 

Lemmas  3.4 and 3.5 suffice to  prove Theorem 3.2 and  hence confirm a negat ive  

answer for the  quest ion of Grunewald ,  Segal and  Smi th  in the  case of no rma l  

subgroups .  

COROLLARY 3.6: The  local ze ta  functions ~ ,p (S )  o f  G are  not  finitely uniform. 

4. Counting subgroups 

To se t t le  the  quest ion of count ing all subgroups  it is sufficient to  consider  the  

subgroups  of index p3. 

We have to count  how m a n y  mat r i ces  there  a re  of the  form (, (nl  
mi j ) l< i< j<6 ,  n2 c 

Tt3 

where  
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(A) mij,nij E Z; 

(B) mii = pa~, ni -- pb~ and al + . . .  + a6 -F bl q- b2 + b3 = 3; 
(C) 0 K_ mij < mjj, 0 _K a < n2,0 _< b,c < n3; 

(D) for i <  j e {1, . . .  ,6}, there exists (Ailj, Ai2., )h3j)e Z3p such that 

6 

(mii,...,mi6)(EmjiD(1))Nt=(A~jnln2n3,A2jnln2n3, A3jnln2n3) 
l:j 

where N t is the adjoint matrix 

N t =  ( 

and 

n2n3 --an3 ac-- n2b~ 
0 n3nl --cnl I 
0 0 nln2 ] 

D(l) = ( -C(l) i f / = 1 , 2 , 3 ,  

D(1)=(C(10-3)) i f l - - 4 , 5 , 6 .  

That condition (D) is equivalent to the statement that the associated matrix 

defines a subalgebra can be found in section 5 of [5]. 

Define Ca,b to be the number of matrices with (a, b) = ( a l , . . . ,  a6, bl, b2, b3) 
fixed and al + "'- + a6 + bl + b~ + b 3 ---- 3. Then 

( E p6(bl+b2+ba)Ca b a ~ 3  = 

a,b 

We prove the following, which is sufficient to prove that  the local zeta functions 

~<,p(s) of G are not finitely uniform: 

THEOREM 4.1: Ca, b is given by a polynomial in p except for the following cases: 
(1) (a,b) = (0,1,1,0,0,0,0,0,1)  in which case 

Ca,b ---- ( IE (Fp) [ -  1). 

(2) (a, b) = (0, 0, 0, 0, 1, 1, 0, 0, 1) in which case 

Ca,b = p6(IE(Fp)I - 1). 

(3) (a,b) = (0,0,1,0,1,0,0,0,1)  and (0,1,0,0,0,1,0,0,1)  in which case 

Ca,b = p(IE(Fp)[ - 1). 
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(a, b)  = (0, O, 1, O, O, 1, O, O, 1) in which case 

Ca,b = P(IA(Fp )I) 

where IA(~p)l is the number  of  triples (a,b,c) E ~pp with a,b non-zero 

satisfying 

a (b+  c 2 - b 3) + cb(1 - b) = O. 

(Note that this can still be expressed as a Boolean combination of  points 

on E and various a n n e  lines.) 

Proof: As before the case of (bl,b2,b3) = (0,0 ,0)  is s t ra ightforward.  There  

are then  no conditions arising f rom (D) and it is just  a ma t t e r  of counting the 

number  of matr ices  (mij)l<_i<_j<_6 for the various cases of ai. This is given then 

by a polynomial  in p. 

LEMMA 4.2: I f  (bl,b.z,b3) = (bl ,0 ,0)  with bl > 0 then Ca, b is polynomial  in p. 

Proof: Condit ion (D) reduces to 1 _< i < j <__ 6 

pbl [(mil m j5 ~- mi2?~tj4 -- ?l~i4Iltj2 -}- mi3mj6 -- ?lti6mj3). 

We list a number  of these where the equat ion is indexed by the choice of (i, j ) :  

(3, 6) pbX ]ma3m~6, 

(2, 4) pbl [m22m44 q- ~t23m46, 

(1, 5) pbl iml lm55 q_ m13m56, 

(3, 4) pbl [ m n 3 m 4 6 ,  

(3, 5) pbl [m33m56. 

If  m66 = 1 then  m56 = m 4 6  = 0 and the first three equat ions imply tha t  there 

are too m a n y  p ' s  to have to distr ibute.  So T/~66 : p or p2. But  the same a rgument  

implies tha t  at  least one of m56 or ~rt46 must  be pr ime to p in which case the last 

two equat ions imply m33 = p and m66 ----- p. So if b2 = b 3  = 0 then the only case 

where we get something  to count is for (a, b)  = (0, 0, 1, 0, 0, 1, 1, 0, 0). Condit ion 

(D) then reduces to the following: 

p[(1 + m13m56), m36 = m46 = m23 = 0. 

The  matr ices  satisfying this condit ion are clearly given by a polynomial  in p. 

II 

Note tha t  the above implies tha t  in general, if bl > 0 then a3 = a6 = bl = 1. 

So we suppose now tha t  bl = 0. 
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LEMMA 4.3: I f b  = (0, b2,0) with b~ > 0 then Ca,b iS polynomial in p. 

Proof." Condi t ion (D) becomes now tha t  for 1 < i < j < 6 

pb2 imil mj6 nt-mi3mj4-mi4 mj3--a(mil mj5 +mi2mj4--mi4mj2 +mi3mj6--mi6mj3 ). 

If  a = 0 then  we have, taking ( i , j )  = (1,6) and (3,4), 

pb2 iml lm66,  

pb~ im33m44. 

This  means  t ha t  at  least one of the columns above m33 or m44 contains zeros. 

Hence condit ion (D) reduces to 

pb2 ]mllmj6, 

pb2 i m33m44. 

This  is polynomial  in p. 

Suppose now tha t  a # 0. Taking (i, j )  = (3, 6) gives us t ha t  pb2 im33m66. So 

again this implies b2 = 1. So we have two p 's  to dis tr ibute  and a t  least one must  

be at  m33 or m66. Suppose m33 = 1, which means  tha t  mi3 -= O. Then: 

(3, 5) Pl - amz3m56, 

(1, 5) plmllm56 - amtlm55. 

This  implies then  tha t  plmllm55. But  taking ( i , j )  = (2,4) we get plm22m44. 

Hence again we have too m a n y  p's.  

So we may  suppose m33 --- p or p2. 

Suppose m66 = 1. Then  ( i , j )  = (2,6) gives Pl - am23m66, i.e., m23 = 0. 

Applying this now to (i, j )  = (2, 4) implies plm2:m44. But  (i, j )  = (1, 5) implies 

tha t  Pl - amllm55 since m56 = 0. This  gives a contradict ion since we only have 

one p to dis t r ibute  amongs t  mu,m22,m44,m55.  So we are only left with the 

case tha t  (a, b)  = (0, 0, 1, 0, 0, 1, 0, 1, 0). The  condit ion (D) reduces then to the 

following conditions on mi3, and mi6: 

(1, 2) 

(1,3) 

(1,4) 
(1,5) 

(2,3) 

(2,4) 
(2,5) 

plm26 - a(mlzm26 - m16m23), 

plm36 - a(m13m36), 

plm46 + m13 - a(m13m46), 

plm56 - a(1 + m13m56), 

plame3m36, 

plm23 - a(1 + m23m46), 

plam23m56. 
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(1,5) and (2,4) imply tha t  m56 ¢ 0 and m23 ¢ 0. But  since a ¢ 0 this contradicts  

(2, 5). Hence we have no solutions when a 7~ 0. | 

Note tha t  the above analysis also showed tha t  with at least one p at b2 there  

have to be two p's amongst  the m i i .  Hence b3 is forced to be 0. 

Finally we come to the analysis which will provide us with something depending 

on the number  of points on the elliptic curve E.  We have b = (0, 0, b3). The  

condition (D) becomes now: 

pb3 i m i l m j  4 + m i 2 m j 5  -- ?Tti5mj2 -- c ( m i l m j 6  + m i 3 r ~ j 4  -- m i 4 m j 3 )  

- b ( m i f f n j 5  + m i 2 m j 4  - m i 4 m j 2  + m i 3 m j 6  - m i 6 m j 3 ) .  

LEMMA 4.4: I f ( a , b )  = (0, 1, 1 , 0 , 0 , 0 , 0 , 0 ,  1) then Ca,b = ( I E ( F p ) I -  1). 

Proof." We only need to consider i E {1,2,3} and j E {4,5,6}.  The  conditions 

reduce to the following: 

(1, 4) p l l  - -  C77~13 - -  bm12,  

(1, 5) p lm12  - b, 

(1, 6) Pl - c + bm13,  

(2, 4) p l c m 2 z  - b, 

(2, 6) Pl - b m z 3 .  

I fb  = 0 we get tha t  c = 0 and hence there are no solutions by (1,4). So suppose 

b ~ 0. Then  m23 = 0 and for every value of (b, c) on the elliptic curve we get a 

unique solution for m 12  and I D , 1 3 .  Hence C a ,  b : (IE(Fp)I - 1). | 

L E M M A  4.5: I f ( a , b )  = (0 ,0 ,0 ,0 ,  1, 1 ,0,0,  1) t h e n  Ca,b = ( I E ( F p ) I -  1 )p  6. 

P r o o f :  

(1,2) 

(1,3) 

(1,4) 

(1,5) 

(2,3) 
(2,4) 

(3,4) 

(3,5) 

Condit ion (D) reduces to the following: 

p l m 2 4  -- m15 - cm26 - b(rn25 - m14), 

p lm34  -- c ( m 3 6  -- m 14  ) --  b ( m 3 5  - m 1 6 ) ,  

Pl 1 - cm46 - bin45, 

Pl - 5m56, 

p l m 3 5  + cm24 -- b ( m 3 4  - m 2 6 ) ,  

plrn45 - b, 

Pl - c - bin46, 

Pl - bm56.  



284 M. DU SAUTOY Isr. J. Math. 

Condit ions (1,2), (1,3) and (2,3) determine the values of m24,m34 and m35 

respect ively once everything else is chosen. The  same analysis as before deals 

with the other  equations and we get tha t  Ca,b = (IE(Fp)I - 1)p 6. | 

LEMMA 4.6: / f  (a, b)  = (al ,  a2, 0, a4, as, 0, 0, 0, b3) then Ca,b is polynomial in p. 

Proof: (2,6) gives us pb3]bm33m66. Hence if there  are no p 's  a t  a3 or as then 

b = 0 and b3 = 1. (2,5) gives us the following: 

pb3 im22m55 _ bm23m56 = m 2 2 m 5 5 .  

Hence one p must  be at  a2 or a5. 

Considerat ion of (1,6) and (3,4) implies t ha t  P l -  cmllm6~ and P l -  cm33m44. 

Hence c = 0 too since we only have one p to distr ibute.  Then  the condition (D) 

reduces jus t  to 

pb3 [milrl~j 4 q_ m i 2 m j 5  -- m i 5 m j 2 .  

Considerat ion of (1,4) implies tha t  one p must  be at  a4 or a l .  Hence at  least one 

of the columns above m22 or m55 contains zeros. So condition (D) becomes 

(1, 2) p[mllm24 - m15m22, 

(1, 3) Plmllm34, 

(1, 5) plm12m55, 

(2, 3) p]m22m35, 

(2, 4) p[m22rn45, 

(2, 5) Plm22m55. 

These  conditions result in polynomial  conditions on mij. | 

Suppose now tha t  one p is a t  a 3 or a6. Then  b # 0. Otherwise the analysis 

of the proof  of the above l e m m a  implies tha t  ano ther  p must  be a t  a2 or a5 (by 

(2,5)), t ha t  c = 0 and  consequently a fur ther  p mus t  be  a t  a4 or al  (by (1,4)) 

which exceeds the number  of p we have to distribute.  

LEMMA 4.7: I f ( a , b )  = ( 0 , 0 , 1 , 0 , 0 , 1 , 0 , 0 , 1 )  then 

Ca,b ---- p(p2 __ IE(IFv)I + 2).  

Proof: Condit ion (D) becomes:  

(1, 2) Pl - c~n26 - b(m]3m26 - m16m23), 
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(2,4) 

(2,5) 

(2,5) 
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Pl -- crn36 -- bm13m36 ,  

p l l  - c(m46 + m13) - bm13m46 ,  

Pl - cm56 - b(1 + m13m56), 

Pl - bm23m36,  

Pl - cm23 - b(1 + m23m46), 

Pl 1 - bm23m56.  

implies  t h a t  b, m23,  m56 are all non-zero  and  

m56 = 1~bin23 m o d p .  

285 

Given a non-zero value of m23 then  (1,2) de te rmines  the  value of m16 and  (2,3) 

implies t h a t  m36 = 0, which in tu rn  implies  t ha t  (1,3) is satisfied. The  in teres t  

comes in combining (1,4), (1,5), (2,4) and  (2,5). Given m23 non-zero  then  we 

have de t e rmined  the  value of m~6; s imi lar ly  we get: 

ma3 --  - c -  bm23 m o d p ,  

m46 = - c / b  - 1 / m 2 3  m o d p .  

However,  we are  then  left wi th  the  following condi t ion  on m23 coming from (1,4), 

t ha t  m23 mus t  be a solut ion m o d p  to the  following equat ion:  

m23(b + c 2 - b 3) + cb(1 - b) = O. 

Recall  t h a t  m23 and  b are  non-zero.  If b + c 2 - b 3 = 0 then  ei ther  (i) c = 0 or (ii) 

b = 1. In  case (i), since b + c  2 - b  3 = 0, b = 1 or  -1. Hence we get  a con t r ibu t ion  of  

2 ( p -  1). In case (ii), c = 0 and  we get  a con t r ibu t ion  of ( p -  1). If  b + c  2 - b 3 ~ 0, 

then  to  ensure t ha t  the  solut ion for m23 is non-zero we must  insist  t h a t  b ¢ 0 or  

b ~ 1 or c ~ 0. So we mus t  remove also (0, c) c ~ 0, (1, c) c ~ 0, and  (b, 0) where  

b ¢ - 1 ,  0, 1. Hence this  case con t r ibu tes  

p2 _ IE(Fp)  I _ 2(p - 1) - (p - 3). 

Hence for ( a , b )  = (0,0,  1 ,0 ,0 ,  1 ,0 ,0 ,  1) we have 

Ca,b = p(p2 _ IE(Fp)  I + 2). 

The  p on the  outs ide  comes from the  fact t ha t  m26 is free. | 

We are  left wi th  d i s t r ibu t ing  at  most  one p amongs t  a3 and  a6. Hence one of 

m23 or m56 mus t  be zero. This  implies  t ha t  the  o ther  p mus t  then  be given to  

a2 or  a5 since (2,5) implies  t ha t  

pb3 im22m55 _ bm23m56 = m22m55. 
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We have done the cases of (a2, a3) = (1, 1) and (as, a6) = (1, 1). This leaves us 

with two cases. 

LEMMA 4.8: I f ( a , b )  = (0, 1,0,0,0,  1,0,0, 1) then Ca,b = p ( I E ( F p ) I -  1). 

Proof." (a, b) = (0, 1, 0, 0, 0, 1, 0, 0, 1) gives rise to the following conditions: 

(1, 2) P[ - c m 2 6 ,  

(1, 3) p[ - c m 3 6  + bm16,  

(1, 4) p[1 - -  c m 4 6  - -  bin12,  

(1, 5) p [ m 1 2  - c m 5 6  - b, 

(2, 3) p[bm26 ,  

(3, 4) p[ - c - bm46 ,  

(3, 5) p[ - bm56.  

We know tha t  b ¢ 0 by the argument preceding Lemma 4.7. Hence we get 

m26 = m56 = 0. Equation (1,3) determines the value of m16. Equation (1,5) 

implies m12 = b. Equation (3,4) implies m46 = - c / b .  Equation (1,4) can now 

only be solved if (b,c) is a solution to b + c 2 - b 3 = 0modp .  m36 is free. Hence 

i f  ( a , b ) = ( O , l , O , O , O , l , O , O ,  1) w e h a v e c a , b = p ( l E ( F p ) [ - 1  ). 1 

LEMMA 4.9: I f ( a , b )  = (0 ,0 ,1 ,0 ,1 ,0 ,0 ,0 ,1 )  t h e n  Ca,b =p(IE(Fp)I- 1). 

P r o o f :  (a, b) = (0, 0, 1, 0, 1,0, 0, 0, 1) gives rise to the following conditions: 

(1, 2) Pl - m 1 5  - bm25 ,  

(1, 3) Pt - brn3~, 

(1,4) pl l  - cm13  - bm45 ,  

(1, 6) Pl - c - b m l 3 ,  

(2, 3) Plm35, 

(2, 4) p l m 4 5  - cm23 - b, 

(2, 6) Pl - bm23 .  

Since b # 0 we get m23 = m35 = 0. (1,2) determines m15 and m25 is free. (1,6) 

implies m 1 3  = - c / b .  (2,4) implies m45 = b. Finally, (1,4) only has a solution if 
(b, c) is a solution to b + c 2 - b 3 = 0 modp.  Hence if (a, b) = (0, 0, 1, 0, 1, 0, 0, 0, 1) 

we have 

C~,b = p(IE(Fp)[ - 1). | 
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This completes the proof of Theorem 4.1. | 

• < 

COROLLARY 4.10: The local zeta functions ¢O,p(S) of G are not finitely uniform. 

Proof: The analysis of Theorem 4.1 implies that there exist polynomials f l ( X )  

and r e ( x )  such that 

< = Ep6(b'+b2+bz)Ca,b fl(P) + f2(p)lE(Fp)l = IE(~'p)l + c m o d p  7 a~ = 
a~b 

where c is some constant independent of p. The third equality confirms that 

f2 (X)  is non-zero. Therefore we can apply Theorem 2.1 to deduce the corollary. 
| 

In a future paper [3] we shall show 

THEOREM 4.11: There exist two non-zero rational functions P I ( X , Y )  and 

P~.(X, Y) E Q(X, Y )  such that for almost all primes p: 

~ ,p(S)  = Pl(p ,p  -~) + [E(Fp)[P2(p,p-~). 

In other words, the elliptic curve is the only non-rational variety that  is involved 

in counting normal subgroups in G. In recent work with Loeser [7], we have 

developed the concept of a motivic zeta function associated to any torsion-free 

finitely generated nilpotent group• This is a power series with coefficients in the 

Grothendieck ring of algebraic varieties. Let £ denote the subring generated by 

the Lefschetz motive L = [A~]. A corollary to the proof of Theorem 4.11 says that 

the coefficients of the motivic zeta function of G associated to ~,p(S)  lie in the 

£-submodule of the Grothendieck ring generated by the motive corresponding to 

the elliptic curve E. In [3] we explain how these ideas can be used to define a new 

invariant for nilpotent groups consisting of the smallest £-submodule containing 

the coefficients of the associated motivic zeta function. It would be interesting to 

know what this invariant is for the motivic zeta function associated to ~,p(S).  I 

would conjecture that despite the extra complications from counting subgroups, 

the motivic zeta function still has coefficients lying in the £-submodule generated 

by E. 
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